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The goal of these lectures is to introduce the mathematical 
and numerical methods used to model astrophysical 
compact objects and sources of gravitational waves.

Note: !
★ these slides are just an opportunity to think about these issues: just ask! !
★ no question is a stupid question!

• Lecture I: 3+1 decomposition,formulations of the Einstein 
equations, initial data and GW-extraction.!

!

•Lecture II: relativistic hydrodynamics, binary black holes, 
binary neutron stars.

Plan of the lectures



To know more on these issues
Relativistic Hydrodynamics !
Luciano Rezzolla and Olindo Zanotti, !
Oxford University Press (2013)!
!
!
Introduction to 3+1 Numerical Relativity !
Miguel Alcubierre, !
Oxford University Press (2008)!
!
Numerical Relativity !
Thomas Baumgarte and Stuart Shapiro, !
Cambridge University Press (2010)



Numerical Relativity: how?…
In non-vacuum spacetimes we need to solve for the full set of 
equations:

where



✴ Coordinates (spatial and time) do not have a specific meaning!
• gauge freedom introduces complications. Which part of the spacetime to cover?!
• gauge conditions must avoid singularities !
• gauge conditions must counteract grid distorsions

Numerical Relativity: why so hard?…



Which part of the spacetime to cover?…
Consider the Minkowski spacetime in Cartesian coordinates

future timelike infinity: infinitely away in time

spacelike infinity: infinitely away

spacelike slice

timelike slice



Which part of the spacetime to cover?…
Consider now the same Minkowski spacetime in a conformal 
representation. future timelike infinity: at finite distance

spacelike infinity: at finite distance

spacelike slice

timelike slice

future null infinity
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Which part of the spacetime to cover?…
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Consider the simplest black-hole spacetime in Cartesian 
coordinates

timelike (finite) slice

spacelike (finite) slice

future timelike infinity infinitely away

spacelike infinity infinitely away
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Which part of the spacetime to cover?…

singularity

future null infinity

past null infinity

past timelike infinity

future timelike infinity

spacelike infinity

Consider the simplest black-hole spacetime: its conformal 
representation is given by a Carter-Penrose diagram

i

−
i

i
0

−
I

+
I

+

0

ho
rizo

n

I �

I +

2M0 x

t



Which part of the spacetime to cover?…

singularity i
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spacelike (infinite) slice

timelike (infinite) slice
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Consider the simplest black-hole spacetime: its conformal 
representation is given by a Carter-Penrose diagram
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Spacelike finite slices

singularity

Most common discretization of the spacetime. Reminescent of 
fluid dynamics; introduces complications from outer boundary

timelike outer 
boundary

very natural choice 
to define initial data 
and interpret results; 
outer boundary is 
placed as “far out as 
possible”
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Spacelike infinite (conformal) slices

singularity
outer boundary 
always at 
spacelike infinity

Not common discretization of the spacetime: spacelike infinity 
is included in the grid; requires suitable coord transformations

care needed for  
treatment of 
outgoing radiation;   
removes need for 
outer boundary 
conditions
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Null (ingoing-outgoing) slices

singularity

future null infinity

past null infinity

Not common discretization of the spacetime. Works well in 
1D but not employed in higher dimensions

very natural to 
study radiation 
(exact answer); 
specification of 
initial data highly 
non trivial
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spacelike-characteristic slices (CCE)

singularity Cauchy-characteristic 
extraction (CCE)

Combines advantages of spacelike slices with accurate 
description of outgoing radiation; tested in 3D linear regimes

very natural to study 
radiation (exact 
answer); specification 
of initial data simple; 
matching can be 
cumbersome

important progress 
done at AEI
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✴ Coordinates (spatial and time) do not have a specific meaning!
• gauge freedom introduces complications. Which part of the spacetime to cover?!
• gauge conditions must avoid singularities !
• gauge conditions must counteract grid distorsions !
✴Einstein field equations are highly nonlinear!
• essentially unknown in these regimes (well-posedeness not enough!...)!
✴ Physical singularities are the “butter-and-bread” of NR!
• delicate techniques are needed to “excise” the troublesome region!
✴No obviously “better” formulation of the Einstein equations 
• ADM, conformal traceless decomposition, Z4, first-order hyperbolic, harmonic, …???!
✴ Physical singularities are the “butter-and-bread” of NR!
• delicate techniques are needed to “excise” the troublesome region

Numerical Relativity: why so hard?…



excising parts of the spacetime with singularities…
apparent horizon found on a given Σt 

In principle, the yellow region is 
causally disconnected from the blue 
one (ligth cones are “tilted in”); no 
boundary conditions would be 
needed at the apparent horizon.
In practice,  the actual excision region 
(“legosphere”: black region) carved 
well inside the horizon.

NOTE: !
o the Einstein equations are highly nonlinear in 
the yellow region! All sorts of numerical 
problems...!
o the (apparent) horizon must be found; this is 
an expensive operation…!
o the excised region has to move on the grid…Images by D. Pollney



✴ Coordinates (spatial and time) do not have a specific meaning!
• gauge freedom introduces complications. Which part of the spacetime to cover?!
• gauge conditions must avoid singularities !
• gauge conditions must counteract grid distorsions !
✴Einstein field equations are highly nonlinear!
• essentially unknown in these regimes (well-posedeness not enough!...)!
✴ Physical singularities are the “butter-and-bread” of NR!
• delicate techniques are needed to “excise” the troublesome region!
✴No obviously “better” formulation of the Einstein equations 
• ADM, conformal traceless decomposition, Z4, first-order hyperbolic, harmonic, …???!
✴ Physical singularities are the “butter-and-bread” of NR!
• delicate techniques are needed to “excise” the troublesome region!
✴Simply lots of equations to solve: stretching supercomputers resources! 
• large turn-around times make progress slow (2-3 weeks/simulation)!
• implementations of AMR techniques is extremely problematic 

Numerical Relativity: why so hard?…



3+1splitting of spacetime



First step: foliate the 4D spacetime
Given a manifold      describing a spacetime with 4-metric       we 
want to foliate it via space-like, three-dimensional hypersurfaces, 
i.e.,                 leveled by a scalar function. The time coordinate t 
is an obvious good choice.

Define therefore

such that

This defines the ”lapse” function which is 
strictly positive for spacelike hypersurfaces 



ii) define the spatial metric

where

i) define the unit normal vector to the hypersurface

The lapse function allows then to do two important things:



              provide two useful tools to decompose any 4-dim. 
tensor into a purely spatial part (hence in   ) and a purely timelike 
part (hence orthogonal to    and aligned with   ).

while the timelike part is obtained after contracting with the timelike 
projection operator

where the two projectors are obviously orthogonal

Second step: decompose 4-dim tensors

The spatial part is obtained after contracting with the spatial 
projection operator



It is now possible to define the 3-dim covariant derivative of a 
spatial tensor. This is simply the projection on    of all the indices 
of the the 4-dim. covariant derivative 

which, as expected, is compatible with spatial metric 

All of the 4-dim tensor algebra can be extended straightforwardly 
to the 3-dim. spatial slice, so that the 3-dim covariant derivative 
can be expressed in terms of the 3-dimensional connection 
coefficients:



Similarly, the 3-dim Riemann tensor associated with    is defined 
via the double 3-dimensional covariant derivative of any spatial 
vector     , ie

More explicitely,  the 3-dim Riemann tensor can be written in 
terms of the 3-dim connection coefficients as

Also, the 3-dim contractions of the 3-dim Riemann tensor, i.e. the 
3-dim Ricci tensor the 3-dim Ricci scalar are respectively given by

where
and



It is important not to confuse the 3-dim Riemann tensor 
with the corresponding 4-dim one

is purely spatial (spatial derivatives of spatial metric   )

is a full 4-dimensional object containing also time 
derivatives of the full 4-dim metric 

The information present in            and “missing” in           can be 
found in another spatial tensor: the extrinsic curvature.!
As we shall see, this information is indeed describing the time 
evolution of the spatial metric



Several equivalent definitions of the extrinsic curvature are possible:

ii) in terms of the acceleration of normal observers

i) in terms of the unit normal to 

iii) in terms of the Lie derivative

where       is the Lie derivative along  



Properties of the Lie derivative
I recall that the Lie derivative can be thought of as a geometrical 
generalization of a directional derivative.!
For a scalar function    this is given by:

For a vector field     , this is given by the commutator:

As a result, for a generic tensor of rank       this is given by:

For a 1-form     ,this is given by:

LX!⌫ = XµDµ!⌫ + !µD⌫X
µ

LX� = XµDµ� = Xµ@µ�



Consider a vector at one position     and then 
parallel-transport it to a new location !
The difference in the two vectors is proportional to 
the extrinsic curvature and this can either be positive 
or negative

P
P + �P

More geometrically, the extrinsic curvature measures the changes in 
the normal vector under parallel transport

parallel 
transport 

Hence it measures how the 3-dim 
hypersurface is “bent” with respect to 
the 4-dim spacetime
Later on we will discuss also a 
“kinematical” interpretation of the 
extrinsic curvature in terms of the 
spatial metric



i) it is a spatial tensor by construction (obtained with contractions 
of the spatial metric)!
!
ii) it is a symmetric tensor by construction (obtained with 
symmetric derivatives of the unit normal

Some properties of the extrinsic curvature

since the acceleration of the normal observer is orthogonal to 
the unit normal:  

iii) its trace is given by 



Recap

 The 3+1 splitting of the 4-dim spacetime represents an 
effective way to perform numerical solutions of the Einstein eqs.!

 Such a splitting amounts to projecting all 4-dim. tensors 
either on spatial hypersurfaces or along directions orthogonal 
to such hypersurfaces. !

The 3-metric and the extrinsic curvature describe the 
properties of each slice.



Decomposing the Einstein equations
•The 3+1 splitting naturally “splits” the Einstein equations into:!

✴ a set which is fully defined on each spatial hypersurfaces 
(and does not involve therefore time derivatives) and !

✴a set which instead relates quantities (i.e. the spatial metric 
and the extrinsic curvature) between two adjacent 
hypersurfaces. !

!
•The first set is usually referred to as the “constraint” equations, 

while the second one as the “evolution” equation



Next, we need to decompose the Einstein equations in the spatial 
and timelike parts. 

First we decompose the 4-dim Riemann tensor               
projecting all indices to obtain the Gauss equations

Next, we make 3 spatial projections and a timelike one to obtain 
the Codazzi equations

and to do this we need to define a few identities



Finally we take 2 spatial projections and 2 timelike ones to 
obtain the Ricci equations

where the second derivative of the lapse has been introduced 
via the identity

Another important identity which will be used in the following is 

and which holds for any spatial vector (Uµnµ = 0)



Finding a direction for evolutions
Note that the unit normal    to a spacelike hypersurface      is not 
the natural time derivative. This is because    is not dual to the 
surface 1-norm    , i.e.

We need therefore to find a new vector along which to carry out 
the time evolutions and that is dual to the surface 1-norm.!
Such a vector is easily defined as

where     is any spatial “shift” vector. 

Clearly now the two tensors are dual to each other, ie



Because the vector     is dual to the 1-form      , we are guaranteed 
that the integral curves of    are naturally parametrized by the time 
coordinate.

Stated differently, all 
infinitesimal vectors     
originating on one   
hypersurface     would end up 
on the same hypersurface  

This is not guaranteed for 
translations along 

A more intuitive description of the lapse function     and of the shift 
vector      will be presented once we introduce a coordinate basis

Note that    is not necessarily timelike if the shift is superluminal



With this definition we can revise the Lie derivative along the unit 
normal      . Since

the Ricci equation we have encountered before:
can now be rewritten as 

Once again, this a clear expression that the extrinsic curvature can 
be seen as the rate of change of the spatial metric, i.e.

Finally, note that the Ricci equations (*) are definitions and not 
pieces of the Einstein eqs, although this is sometimes confused

(*)



The evolution part of the Einstein equations

We are now ready to express the missing piece of the 3+1 
decomposition and derive the evolution part of the Einstein eqs.

As for the constraints, we need suitable projections of the two sides 
of the Einstein equations and in particular the two spatial ones, ie 

Using the Ricci eqs one then obtains

where 



Similarly, the momentum density (i.e. mass current) will be given by 
the mixed time and spatial projection

Since                , (the two vectors are parallel and unit vectors) 
the energy density measured by the normal observers will be 
given by the double timelike projection 

where e, p, h, and   are the energy density, the pressure, the specific 
enthalpy h =(e+p)/   and the rest-mass density of the fluid.

Next we consider the projections of the stress-energy tensor. 
We recall that for a perfect fluid this is given by  



We first time-project twice the left-hand-side of the Einstein 
equations to obtain 

The constraint equations (I)

Doing the same for the right-hand-side, using the Gauss eqs 
contracted twice with the spatial metric and the definition of the 
energy density we finally reach the form of the Hamiltonian 
constraint equation

Note that this is a single elliptic equation (hence not containing 
time derivative) which should be satisfied everywhere on the 
spatial hypersurface 



The constraint equations (II)
Similarly, with a mixed time-space projection of the left-hand-
side of the Einstein equations we obtain 

 The 4 constraint equations are the necessary and sufficient 
integrability conditions for the embedding of the spacelike 
hypersurfaces                    in the 4-dim. spacetime 

Doing the same for the right-hand-side, using the contracted 
Codazzi equations and the definition of the momentum density 
we finally reach the form of the momentum constraint equations

which are also 3 elliptic equations.



Selecting a coordinate basis
So far we have dealt with tensor eqs and not specified a coordinate 
basis with unit vectors    . Doing so can be useful to simplify 
equations and to highlight the “spatial” nature of    and 

ii) the fourth one has to be along the vector   , i.e.

The choice in this case in very simple. We want:!
i) three of them have to be purely spatial, i.e.



As a result:

i.e.  the Lie derivative along    is a simple partial derivative

i.e.  the space covariant components of a timelike vector are 
zero; only the time component survives

i.e.  the zeroth contravariant component of a spacelike vector 
are zero; only the space components survive

Putting things together and bearing in mind that 



Because for any spatial tensor               the contravariant 
components of the metric in a 3+1 split are

Similarly, since              the covariant components are 

Note that                      (i.e.            are inverses) and thus they 
can be used to raise/lower the indices of spatial tensors 



We can now have a more intuitive interpretation of the lapse, 
shift and spatial metric. Using the expression for the covariant 4-
dim covariant metric, the line element is given

the spatial metric measures distances between points on every 
hypersurface

the shift relates spatial coordinates 
between two adjacent hypersurfaces

Hence:
the lapse measures proper time 
between two adjacent hypersurfaces



We can now also distinguish between a normal line and a 
coordinate line.
Both are worldlines but he first one tells us about the evolution 
of the normal to the hypersurface, while the second one tells us 
about the evolution of a point in the coordinate chart



Recap

 The 3+1 splitting of the 4-dim spacetime represents an 
effective way to perform numerical solutions of the Einstein eqs.!

 Such a splitting amounts to projecting all 4-dim. tensors 
either on spatial hypersurfaces or along directions orthogonal 
to such hypersurfaces. !

The 3-metric and the extrinsic curvature describe the 
properties of each slice.!

 Two functions, the lapse and the shift, tell how to relate 
coordinates between two slices: the lapse measures the proper 
time, while the shift measures changes in the spatial coords.!

Einstein equations naturally split into evolution equations and 
constraint equations.



The (ADM) Einstein eqs in 3+1
In such a foliation, we can write the Einstein eqs in the 3+1 
splitting of spacetime in a set of evolution and constraint 
equations as:

[6]

[6]

These are 12 hyperbolic, first-order in time, second-order 
in space, nonlinear partial differential equations: evolution 
equations



The (ADM) Einstein eqs in 3+1
Similarly

[1]

These are 1+3 elliptic (second-order in space), nonlinear 
partial differential equations: constraint equations

[3]

Hamiltonian 
Constraint (HC)

Momentum 
Constraints (MC)



The (ADM) Einstein eqs in 3+1
All together we have:

[6]

[6]

[1]
[3]

These 6+6 (+3+1) eqs are also known as the ADM equations. In 
practice only the evolution eqs are solved and the constraints are 
instead monitored (more later)



ADM vs Maxwell
The ADM eqs may appear as rather cryptic and simply complicated. 
However, it is easy to see analogies with the Maxwell eqs. and make 
the equations less cryptic.!
The relevant quantities in this case are the electric and magnetic 
fields         , the charge density      and the charge current density
Then also the Maxwell equations split into evolution equations

and constraint equations



and so that the 
Maxwell evolution 
equations become

to be compared 
with the ADM 
evolution eqs

Also for the Maxwell eqs it is possible to show that if the constraints 
are satisfied initially, then the evolution eqs preserve this property. !
To further highlight the analogies let’s introduce the vector potential 

Aµ = (�, Ai) , such that Bi = ✏ijkD
jAk



It is then possible to make the associations

Similarly, the RHS of the evolution equation of            involve 
matter sources as well as second spatial derivatives of the 
second field variable 

and realize that the RHSs of the evolution equation of           
involve a field variable             and the spatial derivatives of a 
gauge quantity 

Indeed, the similarities between the ADM eqs and the Maxwell 
eqs written in terms of the vector potential (i.e. as in previous 
slide) are so large that they suffer of the same problems/
instabilities (more later) 



In practice, the ADM are essentially never used!

These equations are perfectly alright mathematically but not in 
a form that is well suited for numerical implementation. !
!
Indeed the system can be shown to be weakly hyperbolic and 
hence “ill-posed”!
!
In practice, numerical instabilities rapidly appear that destroy 
the solution exponentially!
!
However, the stability properties of numerical implementations 
can be improved by introducing certain new auxiliary functions 
and rewriting the ADM equations in terms of these functions.



To illustrate how to reach a form of the eqs that is suitable for 
a numerical solution let us consider again the Maxwell eqs: they 
are simpler and the logic is very similar. Let’s start from 

take a time derivative and use the evolution eq. for     to 
obtain

This would be a wave equation if not for the spoiling term 
with mixed derivatives               .

Without such mixed derivatives the 3+1 ADM equations 
could be written with a principal part behaving as a wave 
equation for      .

In GR, the situation is very similar since      contains mixed 
derivatives in addition to a Laplace operator acting on     .



Why do we care to have wave equations?

Wave equations are manifestly hyperbolic and mathematical 
theorems guarantee the existence and uniqueness of the 
solutions (more on this in lecture III). 

Several numerical techniques, as those that we will 
encounter in hydrodynamic, have been developed to solve 
manifestly hyperbolic equations, e.g. 1st-order in time, 2nd-
in space reduction

Stated differently: we know how to solve wave equations 
and what to expect.



How do we make the Maxwell eqs manifestly hyperbolic?

i) use a specific gauge, e.g. Lorentz gauge:                      so that 
the eqs become simply

ii) implement a gauge-invariant approach by taking a time 
derivative of     rather than of     . This leads to

which, using the constraint                     reduces to 

This can be done also in GR by introducing harmonic 
coordinates and a generalized harmonic formulation of the 
Einstein eqs. (more later)



This approach is aesthetically attractive but may lead to 
complications because the matter source term is 
proportional to spatial derivatives of the charge density        .       
In GR this would correspond to derivatives of the rest-mass 
density and may be divergent if a shock is present
iii) introduce a new variable to remove the mix-derivative 
term, i.e. define                so that the evolution eq. becomes

We have gained one more eq. but the system is hyperbolic!

Clearly an evolution equations is required for    which is a 
new variable like all the others (just no physical meaning):



    : conformal factor  !
    : conformal 3-metric !
    : trace of extrinsic curvature!
     : trace-free conformal   
extrinsic curvature !
      :“Gammas” 

�

�̃ij

K

Ãij

�̃i

The ADM equations are then rewritten as

The same is done for the ADM eqs and new evolution 
variables are introduced to obtain a set of eqs that is 
strongly hyperbolic

are our new evolution variables



Dt⇤̃ij = �2�Ãij ,
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Dt ⇥ �t � L�where                         

These equations are also known as the BSSNOK equations 
or more simply the conformal traceless formulation of the 
Einstein equations.



Although not self evident, the BSSNOK equations are 
strongly hyperbolic with a structure which is resembling the 
1st-order in time, 2nd-order in space formulation

BSSNOK

The BSSNOK is the most widely used formulation of the 
Einstein eqs and used to simulate black holes and neutron 
stars. Other formulations have been recently suggested that 
have even better properties, e.g. CCZ4, Z4c.

scalar wave equation



 The ADM eqs are ill posed and not suitable for numerics.!
 Alternative formulations (BSSNOK, CCZ4, Z4c) have been 

developed that are strongly hyperbolic and hence well-posed.!
 Both formulations make use of the constraint equations and 

can use additional evolution equations to damp the violationsns!
 The hyperbolic evolution eqs. to solve are: 6+6+(3+1+1) = 

17. We also “compute” 3+1=4 elliptic constraint eqs

Recap

NOTE: these eqs are not solved but only monitored to verify



Gauge conditions



Let us recap what we have already seen for the interpretation 
ofthe lapse, shift and spatial metric. Using the expression for the 
covariant 4-dim covariant metric, the line element is given

Hence:
the lapse measures proper time 
between two adjacent hypersurfaces

the shift relates spatial coordinates 
between two adjacent hypersurfaces

the spatial metric measures distances between points on every 
hypersurface



We can now have a more intuitive interpretation of the lapse, 
shift and spatial metric. Using the expression for the covariant 4-
dim covariant metric, the line element is given

Hence:
the lapse measures proper time 
between two adjacent hypersurfaces

the shift relates spatial coordinates 
between two adjacent hypersurfaces

the spatial metric measures distances between points on every 
hypersurface

normal line
coordinate line



NOTE: the lapse, and shift are not solutions of the Einstein 
equations but represent our “gauge freedom”, namely the 
freedom (arbitrariness) in which we choose to foliate the 
spacetime. !
!
Any prescribed choice for the lapse is usually referred to as a 
”slicing condition”, while any choice for the shift is usually 
referred to as ”spatial gauge condition” !
!
While there are infinite possible choices, not all of them are 
equally useful to carry out numerical simulations. Indeed, 
there is a whole branch of numerical relativity that is 
dedicated to finding suitable gauge conditions. 



Several possible routes are possible!
!
i) make a guess (i.e. prescribe a functional form) for the lapse, 
and shift and hope for the best: eg geodesic slicing 

obviously not a good idea



Choosing the right temporal gauge  

Suppose you want to follow the 
gravitational collapse to a bh and 
assume a simplistic gauge choice 
(geodesic slicing):!

That would lead rapidly (             ) to a code crash No  chance of 
measuring GWs which need to be collected on timescales t ~ 103 M!



Several possible routes are possible!
!
i) make a guess (i.e. prescribe a functional form) for the lapse, 
and shift and hope for the best: eg geodesic slicing 

obviously not a good idea

Good idea mathematically (the coordinates do exactly what 
they should). Unfortunately this leads to elliptic eqs which are 
computationally too expensive to solve at each time

ii) fix the lapse, and shift by requiring they satisfy some condition: 
eg maximal slicing for the lapse !
!
!
which has the desired “singularity-avoiding” properties. Similarly, !
the minimal distortion shift condition guarantees minimizes the 
changes in the conformally related metric



iii) fix the lapse, and shift dynamically by requiring they satisfy 
comparatively simple evolution equations

This is the common solution. The advantage is the eqs for 
the lapse and shift are simple time evolution eqs. 

A family of slicing conditions that works very well to obtain 
both a strongly hyperbolic evolution eqs. and for stable 
numerical evolutions is the Bona-Masso slicing

where                        and        is positive but otherwise 
arbitrary. 



The “1+log” slicing condition also 
has excellent singularity avoiding 
properties since               and 
hence the lapse remains very 
small in those regions where it 
has “collapsed” to small values

@t↵ ⇠ �↵

Indeed the condition                            represents a family of 
slicing conditions such that:

@t↵ ⇠ �↵2f(↵)K



where    acts as a restoring force to avoid large oscillations in 
the shift and the driver tends to keep the Gammas constant 
(reminiscent of minimal distortion)

Similarly, a popular choice for the shift is  the hyperbolic 
“Gamma-driver” condition

Overall, the “1+log” slicing condition and the “Gamma-
driver” shift condition are the most widely used both in 
vacuum and non-vacuum spacetimes



Initial data



Ω dΩ

dΩ dΩ

n+1

n−1

n

Ω Ω

d

t

x

continuous spacetime

space of relevant solutions

with initial data L

L

t

x

discretized spacetime

j+1

L

jj−1

Einstein equations represent an initial-value boundary problem 
(IVBP). Stated differently, once the solution is known/specified at 
any initial time, the hyperbolic nature of the equations 
completely determines the space of future solutions



This is a concept you are surely familiar with as you have 
encountered, for instance, in Newtonian dynamics/kinematics.!
For any time evolution of the Einstein equations we need 
therefore to specify initial data and immediately two distinct 
problems arise:!
!

i) determine a set of physical conditions that represent 
physically realistic/plausible configurations!
!

ii) solve the Einstein equations to represent such solutions. In 
the vast majority of cases this amounts to a numerical solution !



Computing the initial data
Exploiting what you know from other fields, you will not be 
surprised if the specification of the initial data is made by 
considering the system as under some equilibrium conditions. !
This has the important advantage that the system of equations 
needed to describe the system does not have a time 
dependence, although the spacetime can be stationary.!
A good example is the static equilibrium of a spherical star. Take 
the Euler and Poisson’s equations in Newtonian gravity:

Assuming                  one obtains the simple differential eq.

pressure gradients balance 
gravitational forces 



Computing the initial data
The same logic can be applied pretty much also in GR. !
One models initial data as describing a system in equilibrium, 
thus removing any time dependence.!
What does this mean in terms of the Einstein equations?



Computing the initial data
The same logic can be applied pretty much also in GR. !
One models initial data as describing a system in equilibrium, 
thus removing any time dependence.!
What does this mean in terms of the Einstein equations?
Indeed the equations to be solved are the Hamiltonian and 
momentum constraints:

In practice one does not solve them in this form but rather 
use a conformally related metric which is, in particular flat

This introduces a number of simplifications in the equations 
but also removes the gravitational-wave content from the ID



Computing the initial data
Twenty years and more have been spent on discussing whether 
or not this is a good approximation!
Numerical simulations show this is indeed so and the initial 
error is rapidly “dissipated” in less than one orbit. !
!
The calculation of initial data is a vast area of research 
combining advanced methods (waveless approximation, 
conformal thin sandwich, postNewtonian approximation and 
matches). !
!
All revolve around the solution of the constraint eqs and the 
hydrostatic equilibrium equations for the matter sources. More 
information in the Living Review by Cook (2004).
http://relativity.livingreviews.org/Articles/lrr-2004-5/



Extraction of gravitational waves



Wave-extraction techniques
Computing the waveforms is the ultimate goal of most 
numerical relativity and there are several ways of extracting 
GWs from numerical relativity codes: 

All have different degrees of success and this depends on 
the efficiency of the process which is very different for 
different sources

- asymptotic measurements!
•null slicing!
•conformal compactification!

- non-asymptotic measurements (finite-size extraction worldtube)!
•Weyl scalars!
•perturbative matching to a Schwarzschild background



In both approaches, “observers” are placed on nested 2-spheres 
and calculate there either the Weyl scalars or decompose the 
metric into tensor spherical-harmonics to calculate the gauge-
invariant perturbations of a Schwarzschild black hole

Once the waveforms 
are calculated, all the 
related quantities: 
energy, momentum and 
angular momentum 
radiated can be derived 
simply. !
Lects. IV and V will 
show some examples

Wave-extraction techniques



Gauge-invariant pertubations

where                are the odd and even-parity gauge-invariant 
perturbations of a Schwarschild bh. The projection of the 
momenutm flux on the equatorial plane is, for instance,

Similarly,  at a sufficiently large distance from the source and 
assuming the spacetime resembles that of a Schwarzschild BH

This quantity can be used, for instance, to calculate the recoil.



Weyl scalars
The Newman-Penrose formalism provides a convenient 
representation for radiation-related quantities as spin-weighted 
scalars. In particular, the component of the Weyl tensor

can be associated with the gravitational-radiation content of the 
spacetime because it falls like ~1/r. Here                     is a null 
frame and in practice we define an orthonormal polar 
coordinate basis              centred on the Cartesian grid origin 
and with poles along     . !
Using then the normal to the slice as            the components 
of the frame are



Weyl scalars
We then calculate     in terms of ADM related quantities as

where

Then at a sufficiently large distance from the source the GWs in 
the two polarizations            can be written as 

Then, eg, the projection of the momentum flux on the equatorial 
plane as

This quantity can be used, for instance, to calculate the recoil.



 The lapse and the shift have simple physical definitions and 
relate events on two different hypersurfaces.!

Getting a good formulation of the Einstein eqs will work only 
in conjunction with good gauge conditions. “1+log” slicing  
“Gamma-driver” conditions work well in a number of conditions.!

Even with suitable formulations and gauge conditions, any 
astrophysical prediction needs the calculation of “realistic” initial 
data and hence the solution of elliptic equations.!

 GWs can be extracted with great accuracy. Several methods 
using either the radiative part of the Riemann tensor or 
perturbations of the Schwarzschild spacetime.

Recap
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The goal of these lectures is to introduce the mathematical 
and numerical methods used to model astrophysical 
compact objects and sources of gravitational waves.

Note: !
★ these slides are just an opportunity to think about these issues: just ask! !
★ no question is a stupid question!!
★ movies can be found here: http://numrel.aei.mpg.de/images

• Lecture I: 3+1 decomposition,formulations of the Einstein 
equations, initial data and GW-extraction.!

!

•Lecture II: relativistic hydrodynamics, binary black holes, 
binary neutron stars.

Plan of the lectures

http://numrel.aei.mpg.de/images


Recap

 The 3+1 splitting of the 4-dim spacetime represents an 
effective way to perform numerical solutions of the Einstein eqs.!

 The splitting amounts to projecting all 4-dim. tensors either 
on spatial hypersurfaces or orthogonal to such hypersurfaces. !

The 3-metric and the extrinsic curvature describe the 
properties of each slice.!

 Lapse and shift relate coords. between two slices: the lapse 
measures proper time, the shift changes in the spatial coords.!

Einstein eqs split into evolution and constraint equations.!
The ADM eqs are ill posed and not suitable for numerics.!
 Alternative formulations (BSSNOK, CCZ4, Z4c) have been 

developed that are strongly hyperbolic and hence well-pos



Numerical Relativity: how?…
In non-vacuum spacetimes we need to solve for the full set of 
equations:

where



Calculations vs Simulations

The description of vacuum spacetimes is mathematically and 
physically complete. The full set of eqs is known and there is 
no approximation whatsoever. This reflects the fact that black 
holes are the simplest macroscopic objects in the universe: 
fully determined in terms of their mass, spin, (possibly) 
charge. !
!

The only error is the numerical one and one could speak of 
numerical relativity “calculations” (e.g. calculation of   )

Before entering in the details or relativistic hydrodynamics it 
is useful and important to underline a fundamental 
distinction



The description of non-vacuum spacetimes is mathematically 
complete but physically limited. The full set of eqs is known 
but approximations are made in description of matter 
(stress-energy tensor, EOS, etc.). It’s an approximation to 
reality. !
!

There is a numerical error but also a phenomenological one. 
In this case one should speak of numerical relativity 
“simulations”

Calculations vs Simulations



Solving the hydrodynamics 
equations



3+1 splitting also for the matter
We start again with a 3+1 split and thus a line element

And introduce a fluid (collection 
of particles) with 4-velocity



3+1 splitting also for the matter

Note the difference between the 
normal unit vector    to the slice 
and the fluid 4-velocity   . They are 
both unit and timelike, i.e.

But they are really different: one is 
tracks the normal to the slice the 
other is the worldline of a fluid 
particle

We start again with a 3+1 split and thus a line element

And introduce a fluid (collection 
of particles) with 4-velocity



We start again with a 3+1 split and thus a line element

3+1 splitting also for the matter

normal line
fluid worldlines

And introduce a fluid (collection 
of particles) with 4-velocity Note the difference between the 

normal unit vector    to the slice 
and the fluid 4-velocity   . They are 
both unit and timelike, i.e.

But they are really different: one is 
tracks the normal to the slice the 
other is the worldline of a fluid 
particle



We start again with a 3+1 split and thus a line element

3+1 splitting also for the matter

Overall, there are three 4-vectors to bear in mind:

normal line fluid worldlines
coordinate line

And introduce a fluid (collection 
of particles) with 4-velocity Note the difference between the 

normal unit vector    to the slice 
and the fluid 4-velocity   . They are 
both unit and timelike, i.e.

But they are really different: one is 
tracks the normal to the slice the 
other is the worldline of a fluid 
particle



3+1 splitting also for the matter
What we are really interested in, however, is not the 
4-velocity     but rather its projection on the spatial 
slice, ie the 3-velocity 

normal line
fluid worldlines

Those observers with    parallel 
to    move from one slice to 
the next along the normal to 
the slice and are therefore 
Eulerian observers.!
They measure a fluid 3-velocity

Remember in fact that in special relativity



3+1 splitting also for the matter

The contravariant (upstairs) components of this vector are

while the covariant (downstairs) 
components are

Using the normalization condition
one obtains

Thus recognizing in      the 
Lorentz factor

vi = �ijv
j = �ij

1
↵

✓
uj

u0
+ �j

◆



The relativistic hydrodynamics(MHD) eqs simply express the 
conservation of energy,  momentum, baryon number

where

conservation of momentum

conservation of energy

conservation of baryon number
thermodynamics



The hydrodynamic equations

The hydrodynamic equations generally represent processes 
involving motion and propagation of waves. Indeed, they are 
hyperbolic equations. !
To see this, it is useful to bear in mind that the 
hydrodynamics equations (either Newtonian or relativistic) 
can be written in a generic first-order form

where                           is the Jacobian matrix; if the 
coefficients of the matrix are constant,  the problem is linear. 

Note that the state vector    is indicated in bold because a 
vector of     components



We next diagonalize         so that                     is the 
diagonal matrix of eigenvalues                      of the N linear 
equations, i.e.  

      are the set of right eigenvectors of         or, equivalently, 
the columns of the matrix    . 
Note that both steps are guaranteed to be possible by the 
assumption we are dealing with a set of hyperbolic equations
Indeed, the set of eqs!
!

is said to be (strongly) hyperbolic iff       is diagonalizable with 
a set of real (distinct) eigenvalues    and correspondingly a 
set of linearly independent (right) eigenvectors  



Next we can define the characteristic variables 

so that the original set of equations                          can be 
written as

Because    is diagonal, this is effectively a set of     decoupled 
ODEs along a set of specific curves in the        plane

Stated differently

so that the characteristic variables are constant along those 
curves in the        plane having slope



Because they remain constant along characteristics, the 
value of the characteristic variables at any time is known 
once the initial one is determined, i.e.

Such curves are called characteristic curves and because 
they are curves in the (x, t) space, (ie in spacetime) they 
represent the direction along which perturbations propagate. 

The local slope of a curve in (x, t) space is of course a 
velocity and indeed the slope of characteristic curves 
represents the local characteristics speeds.



Once the solution is known in terms of the characteristic 
variables     , it is simple to go back to the original state 
vector

and hence

Stated differently, the solution at any time can be seen as the 
linear superposition of    waves, each propagating 
independently at the speed given by the corresponding 
eigenvalue



Before looking at the solution of the hydrodynamical equations 
there are some fundamental aspects of their nonlinear properties 
which must be clarified. 

Some representative examples: advection equation

The solution is the initial data 
simply translated in space and 
time at speed v=const. !
The propagation speeds are 
constant everywhere (linear 
nature of the equation)

time

space

@tu+ v@xu = 0

The simplest linear hyperbolic equation for a function                   
is the so-called advection equation 

u = u(x, t)



Some representative examples: Burgers’ equation
The simplest nonlinear hyperbolic equation is Burgers’ equation

where all we have done is to replace v=const. with u=u(x,t). This 
is the prototypical hydrodynamical eq.. Despite the similarity, the 
solution is very different!

time

space

@tu+ u@xu = 0



This behaviour is referred to as “shock steepening” and is the 
consequence that the propagation speeds are not constant 
as for the advection equation but are a function of space and 
time (nonlinear nature of the equation). 

Some representative examples: Burgers’ equation

Stated differently, the maxima 
of the waves move “faster” 
than the minima and tend to 
“catch-up”.!
NOTE: this is a property of 
the equations and not of the 
initial data. Even smooth initial 
data will (eventually) shock in 
inviscid fluids

time

space



Advection vs Burgers
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In the advection equation the characteristics are straight and parallel lines

In the Burgers eq., the characteristics are straight but not parallel. This is 
the “shock steepening” leads to a shock and a caustic in the characteristic



Some questions
•Why do sound waves do not shock?!
Since shock steepening is a feature of any nonlinear equation, 
and since the hydrodynamical equations are nonlinear and 
hyperbolic, why do sound waves do not shock?
The answer is provided by the viscous Burgers equation:

@tu+ u@xu = ✏@2
xu

Sound waves effectively follow this equation and the dissipative 
term on the RHS switches on as soon as the spatial derivatives 
become large, preventing shock steepening.

•What happens if the initial data is not smooth?
This is a very realistic problem!



Inevitably, when a Cauchy (IVP) problem described by a set of  
continuous PDEs is solved in a discretized form: the numerical 
solution is, at best, piecewise constant

This is problematic when 
discretizing hydrodynamical eqs 
in compressible fluids.!
As for Burgers’ equation, the 
nonlinear properties will 
generically produce nonlinear 
waves with discontinuities (ie 
shocks, rarefaction waves, etc).

The problem of discretization…

Because this cannot be avoided, the strategy is to use methods 
and formulations that handle these discontinuities correctly.



Example of discontinuous initial data

Mathematically equivalent but the numerical difference is between the 
right answer (blue line) or a completely wrong one!

Burgers’  inviscid equation with discontinuous initial data offers a well-
known example of the importance of a proper writing of the equation. 

The equation can then be 
written as (light blue line)

Consider 
with 

or as (green line)



Conservative form of the equations
More generally,  the homogeneous partial differential equation!
!

is said to be in flux-conservative (FC) form if written as

Theorems (Lax, Wendroff; Hou, LeFloch) !
• FC formulation converges to the weak solution of the problem 
(ie a solution of the integral form of the FC formulation)!
• NFC converges to the wrong weak solution of the problem 

In conservative systems (as the hydrodynamic eqs) one usually 
deals with a set of equations in FC form. Hence, the function      
and the flux        are replaced by a state vector       and a flux 
vector



The Valencia (conservative) formulation

As mentioned before, the hydrodynamics eqs are then  given by

Consider for simplicity an non-magnetized ideal fluid with 
energy-momentum tensor

where
Tµ⌫ = (e+ p)uµu⌫ + pgµ⌫ = ⇢huµu⌫ + pgµ⌫

e = ⇢(1 + ✏) : energy density; ✏ : specific internal energy

⇢ : rest�mass density; h = e+ p/⇢ : specific enthalpy

u⌫rµT
µ⌫ = 0 : conservation of energy

�i
⌫rµT

µ⌫ = 0 : conservation of momentum

rµ(⇢u
µ) = 0 : conservation of rest�mass

p = p(⇢, ✏, Ye, ...) : equation of state



where                                               is the Lorentz factor

The first step in rewriting the above equations in a FC form 
requires the identification of suitable “conserved” quantities in 
place of the “primitive” variables              . A little algebra 
shows that these are:

The Valencia (conservative) formulation

NOTE: while the conversion primitive-to-conserved is algebraic, 
the inverse one is not and needs an expensive numerical 
solution.



In this way one obtains the “Valencia” formulation (Banyuls et 
al. 97) of the relativistic hydrodynamics equations 

NOTE: the source terms do not contain derivatives of the 
hydrodynamical quantities (leaving intact the principal part) 
and vanish in a flat spacetime

where                                                            and



Newtonian

general relativistic

special relativistic

(non self-gravitating fluid)



 Modelling vacuum spacetimes leads to calculations in 
contrast to simulations in nonvacuum spacetimes.!

 The solution of the hydrodynamics equations requires 
special care because of the nonlinear nature of the equations.!

 Even smooth initial data tends to steepen and shock; in 
addition any discretization leads to small discontinuities.!

 Using a flux-conservative formulation is essential to  model 
correcty discontinuities.!

The Valencia formulation is the standard in relativistic 
hydrodynamics and is solved using HRSC (high-resolution 
shock-capturing) methods (see book).

Recap



The two-body problem: Newton vs Einstein
Consider two massive objects of mass m1 

and m2 interacting only via the gravitational 
force they exert on each other

r̈ = �GM

d3
12

r where M � m1 + m2 , r � r1 � r2 , d12 � |r1 � r2| .

The system admits stationary solutions and closed orbits (circular/
elliptic). At lowest order, this equation describes the motion of 
most astronomical objects (eg in our solar system).

Newtonian gravity:

Einstein gravity:
No analytic solution.!
The system does not admit stationary solutions and closed orbits. 
Energy and angular momentum are lost via gravitational waves



Binary Black Holes
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Rµ� = 0
How difficult can that be?

In vacuum the Einstein equations reduce to



All the information is contained 
in the waveforms!
•used in matched filtering 
techniques (data analysis)!
•compute the physical/
astrophysical properties of the 
merger (kick, final spin, etc.)



Binary Neutron Stars



Why investigate binary neutron stars?
• We know they exist (as opposed 
to binary BHs) and are among the 
strongest sources of GWs!
• We expect them related to 
SGRBs: energies released are huge: 
1048-50 erg. Equivalent to what 
released by the whole Galaxy over 
~ 1year : 

• Despite decades of observations 
no self-consistent model has yet 
been produced to explain them.

short GRB, !
artist impression 

(NASA)
•Go from an artist impression 
to a scientist impression 



The two-body problem: GR
Any two-body system inspirals and will eventually merge. Binary 
black holes (BHs) and binary neutron stars (BNSs) behave 
differently and not only because the equations are different.

•For BHs we know what to expect: !
BH + BH             BH + gravitational waves (GWs) 

All the physics and complications are in the intermediate stages; 
the rewards are however high (EOS,GRBs, nuclear physics, etc).

•For NSs the question is more subtle: the merger leads to an 
hyper-massive neutron star (HMNS), ie a metastable equilibrium: !
NS + NS         HMNS + ... ?         BH + torus + ... ?         BH



“merger           HMNS           BH + torus”

Quantitative differences are produced by:!
- differences induced by the gravitational MASS: !

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  



Cold EOS: high-mass binary
M = 1.6 M�

Animations: Kaehler, Giacomazzo, LR

Baiotti, Giacomazzo, LR (PRD 2008, CQG 2008)



Matter dynamics
high-mass binary



Waveforms: cold EOS
high-mass binary



Cold EOS: low-mass binary
M = 1.4 M�

Animations: Kaehler, Giacomazzo, LR



Matter dynamics
high-mass binary low-mass binary



Waveforms: cold EOS
high-mass binary

first time the full signal from the   
formation to a bh has been computed

development of a bar-deformed 
NS leads to a long gw signal

low-mass binary



“merger           HMNS           BH + torus”

Quantitative differences are produced by:!
- differences induced by the gravitational MASS: !

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by the EOS (“cold” or “hot”):!
a binary with an EOS with large thermal capacity (ie hotter after 
merger) will have more pressure support and collapse later



Hot EOS: high-mass binary
M = 1.6 M�

Animations: Kaehler, Giacomazzo, Rezzolla



high-mass binary

the high internal energy (temperature) of 
the HMNS prevents a prompt collapse

the HMNS evolves on longer 
(radiation-reaction) timescale

low-mass binary
Waveforms: hot EOS



Imprint of the EOS: hot vs cold

There are clear differences for the same mass and for 
the same EOS: multidimensional parameter space



low-mass high-mass

Imprint of the EOS: frequency domain

100 Mpc

Andersson et al. (GRG 2009)



Imprint of the EOS: frequency domain

Inspiral: ~ (f/fmerg)-7/6

low-mass high-mass

100 Mpc

Andersson et al. (GRG 2009)



Imprint of the EOS: frequency domain

bar-deformed HMNS

low-mass high-mass

100 Mpc

Andersson et al. (GRG 2009)



Imprint of the EOS: frequency domain

collapse to BH and ringdown

low-mass high-mass

100 Mpc

Andersson et al. (GRG 2009)



Imprint of the EOS: frequency domain

low-mass high-mass

100 Mpc

Andersson et al. (GRG 2009)

With sufficiently sensitive detectors, GWs will work 
as the Rosetta stone to decipher the NS interior



“merger           HMNS           BH + torus”

- differences induced by MAGNETIC FIELDS:!
the angular momentum redistribution via magnetic braking or 
MRI can increase/decrease time to collapse 

- differences induced by RADIATIVE PROCESSES:!
radiative losses will alter the equilibrium of the HMNS 

Quantitative differences are produced by:!
- differences induced by the gravitational MASS: !

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by the EOS (“cold” or “hot”):!
a binary with an EOS with large thermal capacity (ie hotter after 
merger) will have more pressure support and collapse later

- differences induced by MASS ASYMMETRIES:!
tidal disruption before merger; may lead to prompt BH



Animations: Giacomazzo, Koppitz, LR

✴ the torii are generically more massive!
✴ the torii are generically more extended !
✴ the torii tend to stable quasi-Keplerian configurations!
✴ overall unequal-mass systems have all the ingredients 
needed to create a GRB

Total mass : 3.37 M�; mass ratio :0.80;



Torus properties: density

equal mass binary: note 
the periodic accretion and 
the compact size; densities 
are not very high

spacetime diagram of rest-mass density along x-direction

unequal mass binary: note 
the continuous accretion 
and the very large size and 
densities (temperatures)



Torus properties: bound matter

unequal mass: some matter is 
unbound while other is ejected at 
large distances (cf. scale). In these 
regions r-processes can take place

spacetime diagram of local fluid energy: ut

equal mass : all matter is clearly 
bound, i.e.!
Note the accretion is quasi-
periodic

ut < �1



Torus properties: specific ang. momentum

unequal mass binary: specific 
angular momentum is 
smaller at inner edge and 
increases outwards

equal mass binary: specific 
angular momentum is 
larger at the inner edge 
and decreases outwards

spacetime diagram of specific angular mom. : ⇥ ⇥ �u�/ut



•specific angular momentum has very different behaviour in the two 
cases:                  for stability!
•equal-mass binary has exponential differential rotation while the 
unequal-mass is essentially Keplerian

d�/dx � 0



Torus properties: size

Note that although the total mass is very similar, the unequal-mass binary 
yields a torus which is about ~ 4 times larger and ~ 200 times more massive
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Torus properties: unequal-masses

The torus mass 
decreases with the 
mass ratio and with 
the total mass; at 
lowest order:

where          is the maximum (baryonic) mass of the binary 
and c1, c2 are coefficients computed from the simulations.

Mmax

It’s much harder to produce tori 
of such large masses with realistic 
BH-NS binaries. !
Prospects for modelling GRBs 
from BNSs are promising

Model Mtotal q Mtorus

(M�) (M�)
M3.6q1.00 3.558 1 0.0010
M3.7q0.94 3.680 0.94 0.0100
M3.4q0.91 3.404 0.91 0.0994
M3.4q0.80 3.375 0.80 0.2088
M3.5q0.75 3.464 0.75 0.0802
M3.4q0.70 3.371 0.70 0.2116

fMtor(q, Mtot) = (Mmax �Mtot) [c1(1� q) + c2]



NSs have large magnetic fields and indeed one of their 
most typical feature. It is natural to ask:!
•can we detect B-fields during the inspiral?!
•can we detect B-fields after the merger? !
•how do B-fields influence the dynamics of the tori?

Extending the work to MHD

‣This is not easy but can be done: relativistic hydrodynamics 
is extended to ideal-MHD (infinite conductivity). !
‣The B-fields are initially contained inside the stars: ie no 
magnetospheric effects. !
‣We have considered 12 binaries (low/high mass) with MFs:

B = 0, 108, 1010, 1012, 1014, 1017 G



Nonlinear hydrodynamics at work
Quite clearly, the two stars do not merge with a 
frontal (head-on) collision. !
!

Rather, during the merger a shear interface forms 
across which the velocities are discontinuous.!
!

This leads to the formation of vortices and of a 
Kelvin-Helmoltz instability and a possible turbulent 
motion.!
!

The instability can be quite important if the stars are 
magnetized



KH instability in the high-mass binary
Note the development of vortices in the 
shear boundary layer produced at the 
time of the merger

in “corotating” frame

More evident in terms of the 
weighted vorticity In these regions 
one expects (and sees) large 
amplifications of the magnetic field.



Animations:, LR, Koppitz

Typical evolution for a magnetized binary 
(hot EOS) M = 1.5M�, B0 = 1012 G



Magnetic field evolution
After merger the MF 
is amplified of one 
order of magnitude. 
The newly produced 
MF field is mostly 
toroidal and is clearly 
correlated with the 
increase in vorticity

First evidence in full 
GR that a MF field 
can be increased 
exponentially by the 
KH instability (Price & 
Rosswog, 2006)

Merger



Waveforms: comparing against magnetic fields
Compare B/no-B field:!
•the evolution in the inspiral is 
different but only for ultra large 
B-fields (i.e. B~1017 G). For 
realistic fields the difference is 
not significant.!
•the post-merger evolution is 
different for all masses; strong B-
fields delay the collapse to BH 

However,  mismatch is what 
needs to be computed, that 
is, how “different” do these 
waveforms appear to a 
given instrument with a 
specific sensitivity.



Understanding the dependence on MF

O[hB1 , hB2 ] �
⇤hB1 |hB2⌅�

⇤hB1 |hB1⌅⇤hB2 |hB2⌅

⇤hB1 |hB2⌅ � 4⇥
� ⇥

0
df

h̃B1(f)h̃�
B2

(f)
Sh(f)

To quantify the differences and determine whether detectors 
will see a difference in the inspiral, we calculate the overlap

where the scalar product is

In essence, at these res:
O[hB0 , hB ] � 0.999

B � 1017 Gfor
Because the match is even 
higher for lower masses, the 
influence of MFs on the inspiral 
is unlikely to be detected!



Going beyond  BH formation

From a GW point of view, 
the binary becomes silent 
after BH formation and 

ringdown.

Is this really the end of the story? 



t ~15ms

Animations:, LR, Koppitz



J/M2 = 0.83 Mtor = 0.063M� taccr ' Mtor/Ṁ ' 0.3 s



t ~27mst ~21ms

t ~15mst ~13ms

First time a magnetic jet is produced from ab-initio 
calculation: opening angle is ~ 30o



✴Rest-mass density in the 
torus is still very high (only 3 
orders of magnitude smaller). 
Ideal conditions to produce 
and diffuse neutrinos!
!

✴The BH spin and the torus 
mass are respectively:!
!
!
!
!

✴After BH formation the mass 
accretion rate reaches quasi-
stationary state:

J/M2 = 0.83

Mtor = 0.063M�

Ṁ ' 0.2M� s�1

✴Assuming stationarity, the torus will be totally accreted over a timescale:!
!

matching very well the typical duration of SGRBs.
taccr ' Mtor/Ṁ ' 0.3 s

merger
BH!
formation



✴B-field grows exponentially 
first because of the 
magnetorotational instability:

⌧MRI = 2

✓
@⌦

@$

◆�1

' 1 ⌦�1
3 ms

�max ' 2⇡vA/⌦

⇠ 104 ⌦�1
3 B15 cm

✴B-field is mostly toroidal in 
the torus and ~1015 G. A 
poloidal component dominant 
along the BH spin axis.

✴Later on the growth is only a 
power law as the B-field 
reaches equipartition 

✴Note that material becomes unbound soon after the BH is formed indicating 
that an outflow can be produced; mildly relativistic: � . 4



Multimessenger signal
✴Note that the GW signal is 
essentially shuts-off after BH 
formation.!
✴After the merger the EM 
signal starts but is essentially 
constant during the HMNS 
phase!
✴After the BH formation, the 
EM signal starts to grow 
exponentially!
✴At the end of the simulation 
the system has released a total 
EM energy of ~1046 erg and 
reached an EM luminosity of 
~1048 erg/s  !
✴Despite the crudeness of the 
physics, the ball-park numbers 
match observations.



Conclusions
✴ Evolution of BBHs is under control and accurate waveforms 
are possible in large portion of parameter space. !
✴ Simulations reveal novel aspects of BH dynamics and provide 
insight on horizons as screens of spacetime dinamics.!
✴With simple EOSs have reached possibly the most complete 
description of BNSs from the inspiral, merger, collapse to BH. Can 
draw this picture with/without B-fields, equal and unequal masses.!
✴GWs from BNSs are much complex/richer than from BBHs: can 
be the Rosetta stone to decipher the NS interior.!
✴Magnetic fields unlikely to be detected during the inspiral but 
important after the merger (amplified by dynamos/instabilities)!
✴As it happens more and more often numerical simulations can 
teach important lessons in GR and astrophysics.


